Abstract. We discuss some basic properties of the Sibony functions and pseudometrics.
Introduction
Let G ⊂ C n be a domain. For a ∈ G let v(a + λX) |λ| : v ∈ F G (a) , a ∈ G, X ∈ C n .
For F ∈ {M, S, K} the families (d • d
• for any domains G ⊂ C n , D ⊂ C m and for any holomorphic mapping F : 
where Lu(a; G . The basic properties of m G , γ G , g G , and A G are well understood. In contrast to that, little is known on properties of S G and almost nothing on s 
Holomorphic contractibility
where ord a u denotes the order of zero of u at a. (b) In view of the Taylor formula we have
where u (p) (a) : C n −→ R stands for the p-th Fréchet differential of u at a.
(c) In view of (b) we get S (F (a) ). Consequently, the family (s
G ) G are holomorphically contractible. They will be the main objects of our investigation in the sequel.
Upper semicontinuity
It is known that for F ∈ {M, K} the functions 10(g,k) ). We will prove that in general the functions s G (·; X 0 ) are not upper semicontinuous (Examples 3.1, 3.3). Recall that S G (a; ·) is a seminorm and therefore it is continuous. We do not know whether the functions s G (a, ·), p ∈ N, and S 
, where C * := C \ {0}. Note that G is a pseudoconvex Hartogs domain.
Let c t := (0, 0, t) ∈ G, t > 0, z 0 := (b, 0, 0) ∈ G with b = 0, and let X 0 := (1, 0, 0). We will show that
which shows that the functions s
On the other hand, let
Since u ∈ C p ({0}) (resp. u ∈ C 2p ({0})) we conclude that u = 0 in U × {0}, where U is a neighborhood of (0, 0). Since log u ∈ PSH(G), we get u(z 1 , z 2 , 0) = 0 for all
Example 3.2. In view of Example 3.1, one could expect that perhaps the families (s
G ) * , and * denotes the upper semicontinuous regularization. We will prove that unfortunately they are not holomorphically contractible.
Keep the notation from Example 3.1. Let
Then s
we conclude that u = 0 in U × {0}, where U is a neighborhood of w 0 . Hence, since log u ∈ PSH(G), we
Note that if σ(a) = 1, then r(a) = µ(a).
The following results are known (cf. [JP 2013 ], § § 6.2, 6.3, and [JP 2018], Theorem 1).
• If α 1 , . . . , α n ∈ Z are relatively prime, then
In particular, if n = 3 and α = (1, 2, 2), then s Dα ((0, 0, 0), z) = |z α | and Example 3.4. Keep the notation from Example 3.3. Assume that α 1 , . . . , α n ∈ R * := R \ {0}, a 1 · · · a s = 0, a s+1 = · · · = a n = 0, s := n − σ(a). In particular, α s+1 , . . . , α n > 0.
First observe that if σ(a) ≤ 1, then g p+ε Dα (a, ·) ∈ C p ({a}) and consequently
Dα (a, ·) ∈ C ∞ ({a}) and consequently S Dα (a; ·), p ≥ 2. To illustrate problems we discuss some particular cases.
• Assume that σ(a) ≥ 1 and k j := pαj r(a) ∈ N, j = s + 1, . . . , n. Then
• Assume that σ(a) ≥ 1 and there exists a j 0 ∈ {s + 1, . . . , n} such that
Dα (a; ·) ≡ 0. Indeed, we may assume that j 0 = n. Let r := r(a) and let k ∈ N 0 be such that k < 2pαn r < k + 1. In view of Remark 2.1(b) we have to prove that
Dα (a). Fix such a u and suppose that u (2p) (a)(X 0 ) = 0 for some X 0 = 0. We have
On the other hand, taking t −→ 0 we get A d = 0; a contradiction.
For example let n = 2, α = (q, 1), a = (0, 0), where
Dα (a; ·) ≡ 0.
• As a consequence we conclude that for every s ∈ {0, . . . , n − 2} there exists a set C s dense in R
n−s ), and p ∈ N we have S
Dα (a; ·) ≡ 0. Indeed, we may put
Now we turn to discuss a special case where G ⊂ C n is a complete n-circled domain (Example 3.5).
Example 3.5. Let G ⊂ C n be a complete n-circled domain, i.e. for any z = (z 1 , . . . , z n ) ∈ G and λ = (λ 1 , . . . , λ n ) ∈ D n , the point λ · z := (λ 1 z 1 , . . . , λ n z n ) belongs to G. 
n , where T := ∂D), the set M is also invariant under n-rotations. It is known that M is pluripolar, i.e. there exists a v ∈ PSH(C n ), v ≡ −∞, such that M ⊂ v −1 (−∞) (cf. [Kli 1991], Theorem 4.7.6). Suppose that a = (a 1 , . . . , a n ) ∈ M \ V 0 . Then v(λ · a) = −∞ for all λ ∈ T n . Consequently, by the maximum principle for plurisubharmonic functions, v(z 1 , . . . , z n ) = −∞ for all |z j | ≤ |a j |, j = 1, . . . , n. Hence v ≡ −∞; a contradiction.
(c) Let a = (0, . . . , 0, a s+1 , . . . , a n ) =:
Assume that s (p)
Indeed, let 0 < R < 1 and k > 0 be such that h D (b) < R and b < k. Note that {ζ ∈ D : h D (ζ) < R, ζ < k} ⊂⊂ D. Consequently, there exists an ε > 0 such that
Letting R −→ 1 and k −→ +∞ we get lim sup z→a s (p) G (0, ·) is globally upper semicontinuous. Indeed, we proceed by induction on n ≥ 2. The case n = 2 is solved in (e). Suppose the result is true for n − 1 ≥ 2. Let a = (a 1 , . . . , a n ) ∈ G ∩ V 0 (see (b)). We may assume that a n−1 = 0, a n = 0. Define D := {z ′ ∈ C n−1 : (z ′ , 0) ∈ G}; D is a bounded complete (n − 1)-circled domain. Thus, by the inductive assumption, s (p) D (0, ·) is upper semicontinuous. Since G is bounded, for every 0 < r < 1 with a ∈ rG there exists an ε > 0 such that (rD) × D(ε) ⊂⊂ G. Suppose that G ⊂ D n (R) and let η > 0 be such that rR| 
Note that if n ≥ 3 and D is unbounded, then it is not know whether the function s 
Increasing domains property
[JP 2013], Propositions 2.7.1(a), 4.2.10(a)). We will show that this is not true for F = S (p) .
Example 4.1. Let
Observe that ϕ k ∈ PSH and ϕ k ց ϕ. Moreover,
Analogously, since the function 0) ). Since {1/s} × C ⊂ G, the Liouville type theorem for subharmonic functions gives u(1/s, z 2 ) = const(s) =: c s , s ≥ 2, z 2 ∈ C. Since u(0, 0) = 0, we conclude that c s −→ 0. Since u is continuous near (0, 0), we get u(0, z 2 ) = lim s→+∞ u(1/s, z 2 ) = lim s→+∞ c s = 0, |z 2 | ≪ 1. Hence, since log u ∈ PSH(G), we have u(0, z 2 ) = 0 for all |z 2 | < e ϕ(0) . Consequently,
We will discuss the following two problems. Find a pseudoconvex domain G ⊂ C n , a ∈ G, and z 0 ∈ G (resp. X 0 ∈ C n ) such that
Example 5.1. If α 1 , . . . , α n ∈ Z are relatively prime, σ(a) ≥ 2, and µ(a) ≥ 2, then
It is not know whether there exists a bounded pseudoconvex domain with this property.
[JP 2013], Proposition 4.2.10(b)). Let G be the convex envelope of G. It is known that G is also balanced and
Consequently, we get the following result.
If G is a balanced pseudoconvex non-convex domain, then
In particular, the result solves the problem formulated in 
Derivative
Recall that for F ∈ {M, K} we have δ G (a, a + λX) |λ| , a ∈ G, X ∈ C n .
Observe that G (a; X) = A G (a; X).
